Abstract-Recent results indicate that the optimum performance of uncoded OFDM (Orthogonal Frequency Division Multiplexing) in the presence of strong nonlinear distortion effects can be better than with linear transmitters. However, the uncoded OFDM performance is not very useful since typically OFDM schemes are combined with channel coding (also denoted coded OFDM), with substantially different uncoded and coded OFDM performances.
I. INTRODUCTION
The facility to cope with severely dispersive channels makes OFDM [1] a choice modulation for broadband wireless communications schemes such as 3GPP-LTE (3rd Generation Partnership Project -Long Term Evolution) [3] , Digital Video Broadcasting (DVB) [2] and wireless broadband access technologies IEEE 802.16a/d/e [4] , [5] . However, the high envelope fluctuations and PMPR (Peak-to-Mean Power Ratio) of OFDM signals makes them very sensitive to nonlinear effects, and, consequently, amplifiers with high IBO (Input Back-Off) are usually required to ensure quasi linear amplification. Therefore, many techniques were proposed to reduce the envelope fluctuations of OFDM signals. The clipping techniques are the simplest and most promising ones [6] , [7] . However, these techniques introduce nonlinear distortion in the transmission chain. When the number of subcarriers is high the OFDM signals can be regarded as complex Gaussian random processes. From the Bussgang's theorem [8] , the nonlinearly distorted signal can be decomposed as the sum of two uncorrelated terms: a scaled version of the input signal and a term that represents the nonlinear distortion. In the typical OFDM implementations the second term is seen as a undesirable noisy term that degrades the performance. Recently it was shown that, contrarily to what one might expect, for uncoded OFDM the optimum performance with strong nonlinear distortion effects can be better than with linear transmitters [10] , [11] . However, uncoded OFDM schemes are rarely employed in practice due its poor performance (which is conditioned by the subcarriers in deepest fades). Therefore, OFDM schemes are generally combined with channel coding, leading to the so-called coded OFDM (or COFDM) [12] .
Although the performance of coded OFDM with nonlinear transmitters and conventional receivers (i.e., that treat nonlinear distortion as an additional noise term) is worse that with linear transmitters, the degradation can be negligible due to the high coding gains of COFDM. Therefore, one might ask what is the optimum performance of coded OFDM with strong nonlinear effects, and how it compares with the optimum performance of linear OFDM. In this paper we we study the optimum performance of coded OFDM in the presence of strong nonlinear distortion effects. This paper is organized as follows: a description of the considered system and a brief analytical characterization of nonlinearly distorted OFDM signals is made in Sec. II. Sec. III concerns the optimum receiver behavior. In Sec. IV is shown the potential performance of optimum receivers when dealing with nonlinear COFDM signals through the analysis of the asymptotic gain as well as the presentation of some BER performance results. Finally, Sec. V concludes this paper.
Unless otherwise stated, we will employ the following conventions: bold letters denote matrices or vectors and italic letters denote scalars. Capital letters are associated to the frequency domain and small letters are associated to the time domain. ||X|| denotes the Euclidean norm of the vector X and (·)
T denote the transpose operator. The PDF (Probability Density Function) of the random variable x, p x (x), is simply denoted by p(x) when there is no risk of ambiguity. E[·] is the expectation operator. 
with
When each OFDM block has a considerable number of subcarriers, their time-domain samples can be seen as a realization of a zero-mean complex Gaussian random process. Thus, each sample has its real and imaginary parts Gaussian distributed, i.e., (s n ) ∼ N (0, σ 2 ) and (s n ) ∼ N (0, σ 2 ). The vector formed by the absolute values of (1) 
T ∈ R NM , which can be regarded as a realization of a Rayleigh random process with the PDF of the n-th element given by
where u(R n ) denotes the unitary step function and σ 2 is the variance of the real and imaginary parts. The nonlinear device introduced in the transmission chain is an ideal envelope clipper. This nonlinearity is modelled as a bandpass memoryless nonlinearity [13] and is represented by
T ∈ C NM , where y n (i.e., the n-th element) is given by
with A(R) and Θ(R) denoting the so-called AM-AM and AM-PM conversion functions of the bandpass nonlinearity, respectively. In [8] , is shown another way to represent the output of a bandpass nonlinearity, where, y = αs + d, i.e., the n-th output sample is defined as
with α given by
and d n is the distortion introduced by the nonlinearity, which have zero mean and is uncorrelated with the useful part of (5)
By applying directly the DFT definition 2 (2), in (5), we can express the nonlinear frequency-domain samples through Y = Fy, leading to,
where S k is the complex symbol transmitted in the k-th subcarrier and D = Fd is the distortion introduced by the nonlinearity that can be modelled with a Gaussian distribution with zero mean as shown in [7] . The nonlinear transmitter sends y trough the wireless channel that has its frequency response represented by the diagonal matrix H. In the receiver, the samples associated do the Cyclic Prefix are removed, and
Considering the frequency-domain we can finally write
which, by applying (8), reduces to
where
T , with N k denoting the k-th frequency-domain noise component.
III. OPTIMUM DETECTION
The optimum receiver selects S that maximizes
which also could be denoted as a MAP (Maximum a Posteriori) receiver, i.e.,
However, if we assume that the vectors S are equiprobable, then the a priori PDF, p(S), is constant and the MAP receiver reduces to an ML (Maximum Likelihood) receiver, i.e.,
2 Note that the scale factor of
in the DFT definition allows us to compute the average bit energy, the Euclidean distance and other quantities that are typically defined in the time-domain, in the frequency-domain.
For white Gaussian noise Z|S has a complex Gaussian distribution with zero mean and its covariance matrix is given by
with I NM denoting the NM-size identity matrix and σ 2 N denoting the variance of N k (which is assumed independent of k), i.e., σ
This means that obtaining ML estimate is formally equivalent to minimize the LS (Least Square) error between Z and HY = HFf (F −1 S), i.e., we can finally describe the optimum receiver behavior through the minimization,
in fact, the LS error is given by the Euclidean norm between the two vectors.
IV. OPTIMUM PERFORMANCE OF CODED OFDM Conventional OFDM receivers treat this nonlinear distortion term as an additional noise component that leads to performance degradation. However, the nonlinear distortion component has information on the transmitted signals that can be used to improve the performance [10] , [11] . To understand the usefulness of this information, it is important to define the Euclidean Distance between two nonlinearly coded signals. In order to that, let us consider
... Y 
1 ... a (2) Nu−1 ] and differs from a (1) in μ = 1 bits. The Euclidean Distance between these two signals is defined as
It should be noted that for each Y (1) there are N different Y (2) that result from changing a different bit in the original data sequence a (1) . To start the analysis of the Euclidean distance between two nonlinearly coded OFDM signals, it is important to recall that when a QPSK modulation is applied to these sequences and a linear transmitter is considered, the Euclidean distance between signals that differ in a single bit is 4rd free E b , with E b denoting the encoded bit energy and r denotes the code rate. In this paper we consider a rate-1/2 64-state convolutional code with minimum free distance d free = 10). When we have nonlinear distortion we will have D 
To study the behaviour of (18), the PDF of G, p(G), considering different normalized clipping values in AWGN channel
and N = 128 useful subcarriers is shown in Fig.2 . As expected, G > 0 dB, specially when strong nonlinear effects are considered. When s M /σ = 1.5 the average gain is closer to zero, since the transmitter is almost linear. In the other hand, with s M /σ = 0.5 the average gain increases to G ≈ 2dB. Another important characteristic of the gain PDF is shown in Fig.3 , where is clear that the variance of the distribution reduces as the number of subcarriers increase, approximating the gain to a fixed value. In Fig.4 is shown the 1dB for s M /σ = 1.0 and 2dB for s M /σ = 2.0, which is also clear for the peaks of each PDF in Fig.2 . This energy gain unveil a performance improvement in the Bit Error Rate (BER). To confirm this, the approximate BER performance of nonlinear COFDM with optimum receivers was obtained using the following approximation,
where the sum is over the set of values that the "gain" G = D of coding mechanisms improve substantially the performance of OFDM schemes. As with uncoded schemes, the use of nonlinear transmitters combined with coded OFDM leads to gains relatively to the linear case. Moreover, this gain is higher for lower clipping level (i.e., when we have stronger nonlinear distortion effects). For BER= 10 −5 and s M /σ = 1.0 the gain relatively to linear coded OFDM case is approximately 1.0dB. If we consider stronger nonlinear distortion effects (i.e., s M /σ = 0.5) for the same BER value, the gain increases to G ≈ 2dB.
To reduce the out-of-band radiation, is common to use a frequency-domain filter (FDF) that cut all the frequencies that not belong to the data block (in our case the filter will remove (M − 1)N subcarriers. This operation leads to a reduction in the Euclidean Distance between two COFDM blocks, since less subcarriers will be taken into account. Nevertheless, even with this filtering operation, there are considerable gains (see Fig.6 ), that can also lead to improvements in the BER performance. In Fig.6 , it is shown that the filtered tends to 1 dB, when a value of s M /σ = 0.5 is considered. Let us now consider a more realistic scenario, where the channel presents selectivity in the frequency. In Fig.7 is shown the PDF of G considering a channel with 32 symbols-spaced multipath propagation components and uncorrelated Rayleighdistributed fading on each multipath component. The number of subcarriers is N = 128 subcarriers. As with the ideal AWGN channel, the gains are stronger for lower clipping levels. However it is important to note that D 2 NL was compared to 4rd free E b , which is the Euclidean distance between two linear sequences in an AWGN channel. Thus although may exist losses due to the poor channel conditions, it easily observed that when nonlinear distortion effects are considered, we have gains relative to the linear case (i.e., s M /σ = ∞). More concretely, when s M /σ = 0.5, the mean gain increases about 2dB. Fig.8 shows the approximate BER performance From the figure it is clear that the nonlinear distortion effects can lead to performance improvements. The potential gains are even higher than in the ideal AWGN channel, which can be explained by the diversity introduced by the channel in the COFDM block. At BER=10 −4 and s M /σ = 1.5 the gain is approximately 3.7dB. When stronger nonlinear effects are considered, the gain increase to around 5.7dB and 7.7dB for s M /σ = 1.0 and s M /σ = 0.5, respectively. Although when COFDM blocks are filtered the gains decrease, they are also considerable. For instance, for BER=10 −4 and s M /σ = 1.5,
there is a gain of 3.9dB relatively to the linear case. As in the unfiltered case, for lower clipping levels the gain increases and can reach 5.8dB with s M /σ = 0.5.
V. CONCLUSIONS AND FINAL REMARKS
This paper considers the use of nonlinearly distorted coded OFDM schemes. It is shown that the distortion term that results from the nonlinear operation can be useful in the reception when optimum receivers are employed. In fact, not only there is no degradation due to nonlinear distortion effects, but also we can have reasonable gains relatively to the linear case. Therefore, the optimum performance of coded OFDM with nonlinear transmitters can be substantially better than performance in the linear case.
An important future work is to develop appropriate techniques to harvest the potential gains inherent to a nonlinear OFDM transmission.
